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Abstract

Bi-cubic polyhedral-net splines (PnS, ToMS Algorithm 1032) can represent a wide variety of smooth free-
form surfaces, but also serve as a differentiable spline space to approximately solve a partial differential
equation (PDE) on PnS surfaces. This dual role of PnS avoids re-meshing and yields a parsimonious C*-
smooth Galerkin PDE formulation. Here we apply the approach to solve (time-dependent) elliptic PDEs up
to fourth order on spline manifolds leveraging the dolfinx environment. The spline manifolds can be open
surfaces where the solution matches boundary constraints. The output is the 4-tuple of surface geometry
and associated coefficients of the PDE solution, all in polyhedral-net spline form.

Keywords: polyhedral-net spline, free-form surface, n-sided face, C1 spline, T-junction, extraordinary
point, polar layout, functions on manifolds, isogeometric analysis

(a) polyhedral control net with ir-  (b) PnS highlight lines indicate dif- (c) geodesic isolines from solving the heat
regular configurations ferentiability equation on the PnS surface

Figure 1: Solving the heat equation on a polyhedral-net spline (PnS) surface. (a) A clearly non-tensor product polyhedral-net
with closely-packed irregular patterns (cf. Fig. 2). (b) Verification of geometric smoothness. (¢) Geodesic iso-lines representing
the progress of heat over the PnS surface.

1. Motivation: Elliptic PDEs on bivariate curved manifolds

Elliptic partial differential equations (PDEs) on free-form surfaces need to take intrinsic surface geom-
etry into account. In the Galerkin formulation of such equations, the surface geometry enters via the first
fundamental form, which measures area via inner products of the surface gradients. Whether the free-form
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surface arises from human design or as interfaces in volumetric field, a differentiable surface representation
is needed for exact computation - and, fourth-order PDEs in the (unmodified) weak form, require a differ-
entiable solution space to compute on the surface. Indeed, for domains with re-entrant, concave corners,
the use of differentiable elements is necessary to avoid incorrect outcomes [26]. Similarly, weak penalty
enforcement of boundary conditions can yield fictitious solutions.

A sensible approach, that avoids re-meshing and yields a parsimonious C'-smooth Galerkin formulation,
is the higher-order iso-parametric approach of [10, 59, 2, 55]. However, this iso-geometric (IgA) approach [31]
has historically been restricted to tensor-product splines with a irregular grid-like layout implying that the
domain must be a torus, cylinder or the plane. In 2000, the approach was extended to subdivision surfaces
[15] and, in 2015, [44] solved a fourth-order elasticity PDE on geometrically continuous free-form surfaces
defining both the geometry and the force field by the same piecewise polynomial space. Since then, higher-
order finite element structural analysis has been more widely developed, for example in [45, 13, 8, 47, 63, 29|
to list just a few.

Here, we focus on representing geometry and PDE solution space by polyhedral-net splines (PuS, [52]).
PnS generalize tensor-product splines by allowing patterns as shown in Fig. 2. Fig. 1 illustrates the combined
use of polyhedral-net spline for geometry and PDE analysis space. Fig. 1a shows a control net with closely-
packed non-tensor product polyhedral-net patterns. For example, the top ‘pole’ modeled by 4 triangles is
a direct neighbor of four nodes of valence n = 5 that also abuts a vertex of valence n = 3. Fig. 1b verifies
the smooth flow of the PnS surface normal via evenly-distributed highlight lines [6]. Fig. 1c illustrates the
geodesic iso-lines of a solution to the heat equation on a polyhedral-net spline using polyhedral-net spline
elements. The point source of heat is the white turning to yellow, in the upper left.

For the gamut of mesh modeling control net configurations, multi-sided, polar and mesh-line shedding
as illustrated in Fig. 2, there are currently no, by default differentiable, constructions other than PnS.
Replacing mesh shedding and polar configurations by pure quad layouts typically results in shape defects,
T-splines require a global parameterization, say of Fig. 1, and Catmull-Clark subdivision would lead to good
analysis on bad geometry. The advantage of using PnS directly to solve PDEs is that splines efficiently model
both the surface and the PDE solution space while admitting local control net pattern that do not require
tensor-structure, see Fig. 1 and Fig. 2. PnS can be re-expressed in the standard industry formats, such
as IGES and STEP, and therefore admit many possible applications in design, visualization, animation,
moment computation, re-approximation, reconstruction, etc.

Although consistent with the theory and convenient when paired with the same smooth surface repre-
sentation, C! elements are not necessary for second-order equations and fourth-order equations on domains
with a convex boundary. Even discontinuous flow lines, arising from a discontinuous Galerkin approach,
can be smoothed out in a post-processing step [62]; the operator can be split, requiring only a mixed weak
formulation; or applying a penalty method. Moreover, it is possible to model non-grid geometry via trim-
ming, i.e., restricting the tensor-product geometry to a non-rectangular domain, or use subdivision surfaces
[53] consisting of an infinite sequence of nested polynomial surface rings. However, these approaches re-
quire special treatment of differentiation and integration: trimmed tensor-product splines [18], known under
the acronym NURBS, can have slivers of poor aspect ratio, heterogeneity in size, parameter orientation,
continuity and polynomial degree; and subdivision surfaces generate singularly-parameterized central limit
points. The PnS approach avoids these problems and guarantees no gaps and exactly matching derivatives.

Overview. After reviewing polyhedral-net splines (PnS) and related literature in Section 2, we summarize
the isogeometric approach on free-form surfaces in Section 3. Sections 4, 5, 6, 7 respectively formulate and
express in Galerkin (weak) form: elliptic PDEs of degree 2, time-dependent PDEs of degree 2, PDEs of
degree 4, and time-dependent PDEs of degree 4 — on free-form domains with irregular patterns as in Fig. 2.

2. Polyhedral control nets and polyhedral-net splines

Polyhedral-net splines (PnS), introduced in [52] as Algorithm 1032, are defined, and geometrically out-
lined, by a topological polyhedron. This type of control net generalizes tensor-product grids and forms a
piecewise polynomial, first-order differentiable space with one function associated with each vertex of the
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(a) star-net n-gon- (c) polar-net ) To-net (e) Ty-net (f) T2-net
n=>5 net n=>5 m=2>5

Figure 2: Some admissible non-tensor-product polyhedral control net patterns defining surface pieces (from [52]). The first
three patterns isotropically merge n features, the last three reduce or increase the number of control-net lines.

polyhedron. Akin to the well-known tensor-product splines [19], the control net outlines and exaggerates
the smooth PnS surface. The polyhedron facets need not be flat, but, for brevity, we drop the qualifier
‘topological’ from topological polyhedron in the following.

ToMS Algorithm 1032 provides code for PnS of degree bi-3, i.e. degree 3 in each of the two variables, Only
the elements on a regular grid are bi-quadratic (bi-2) splines, but are represented in bi-3 form (degree-raised)
for uniformity. Bi-3 (bi-cubic) polynomial pieces are universally supported in geometric modeling softwares
and computing environments that support curved, higher-order elements. The bi-3 pieces are output in the
convenient Bernstein-Bézier (BB-) form [23] or as a collection of pieces in uniform tensor-product B-spline
form [19]. Admissible polyhedral control nets consist of quadrilateral faces in a local grid layout, often
called ‘regular tensor-product’ layout, and irregular configurations as illustrated in Fig. 2. Three types of
T-junctions shed or birth quad-strips. Polar configurations form a cone of n triangles meeting at a vertex,
surrounded by a ribbon of n quadrilaterals. In n-gon configurations, 2n quadrilaterals surround an n-gon.
Star-configurations allow n # 4 quadrilateral faces to join around an interior vertex. The polyhedral patterns
listed in Fig. 2 can be placed in close proximity, enabling complex layouts such as Fig. 1. Patterns can arise
from joining primary surfaces and also as a form of local adaptation.

The polynomial pieces of a polyhedral-net spline depend linearly on the polyhedral control net. Eval-
uating, differentiating, integrating, or performing another operation on a PnS is as efficient as converting
a tensor-product spline from B-spline form to BB-form and performing the corresponding calculation. The
pieces of a polyhedral-net spline join with matching derivatives after a known change of variables (repa-
rameterization), and the polyhedral control net expresses the neighbor relations of the polyhedral-net spline
generating functions, outlines shape, and provides handles for manipulating shape. Due to these properties,
the polyhedral control net vertices can be used as computational degrees of freedom, e.g., for least squares
fitting, computing moments or, as is our goal, for solving partial differential equations. Bi-cubic polyhedral-
net splines can both model geometry and functions on the geometry, and approximate solutions to PDEs in
particular. The input and output of Algorithm 1032 define the PnS space:

Input: A polyhedral (control) mesh.

Output: A smooth polyhedral-net spline with polynomial pieces of degree bi-3.

The algorithm collects any of the itemized sub-nets of control points and applies a linear transformation
to the sub-net to generate the polynomial coefficients of the output pieces. By default, the transformation
automatically enforces geometric continuity, i.e. smoothness after change of variables, between the pieces,
based on [37] (Fig. 2a, Fig. 2b); [39] Fig. 2¢; [38] (Fig. 2d, 2e, 2f).

2.1. Alternative surface representations

Commonly-used computational function spaces for polyhedral unstructured layout either sacrifice differ-
entiability near irregularities, as in the (dis)continuous Galerkin approach [16], or restrict the computation
to non-conforming, internally smooth spline regions subject to penalty functions [46]. Piecewise polynomial,
a.k.a. spline functions on triangulations [40], and radial basis functions [11] provide built-in smoothness but
are typically restricted to planar domains as opposed to free-form splines that not restricted to be functions
on a fixed joint domain.

A survey of free-form surface constructions controlled by meshes with changing vertex valence can be
found in [50] which classifies smooth surface representations into three major classes: (a) singular representa-
tions, (b) rational blending, and (c) geometrically continuous constructions. The classes differ by their math-
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ematical strategies for mapping the domains of n pieces locally, without overlap and gap, into one common
parameter plane. (a) Singular representations include those with singularities at corners [48, 54, 45, 60, 65],
singular edges [43], and an infinite sequence of contracting faces, a.k.a. subdivision algorithms [20, 53|, that
are usually approximated by a finely-faceted model. (b) Rational blending constructions typically have
rational singularities outside the domain or at the corners [27, 61, 30]. (¢) Geometrically continuous (GC)
constructions join smoothly after a change of variables. General GC constructions include, for example,
[49, 44, 17, 8], and for data fitting and simulation specific to planar domains [7, 33, 35, 34]. Collocation in
[56] is based on T-splines, i.e. on [22] for n-valent vertices. [64] re-introduces the approach of [36] to the
IGA community and [24] is a non-linear construction yielding non-uniform angles where patches meet.

3. The isogeometric approach
Let
x:seEDCR™ = E&=(&,...,8,)€EQCR”

be the geometry map that defines the physical domain, see Fig. 3a. The function w, : I C R™ — R is to
be determined so that ¢ = uj, o x ! satisfies constraints, for example as a solution of the Poisson equation
or the biharmonic equation. Here, x~! the pullback from  to [I. In our context, the ‘physical domain’
embedded in 3-space is a free-form surface parameterized by polyhedral-net splines:

X = X;0; . R? - R with control points x; € R? and gradient Vo, = 0:0: | 1
Z (]ZS,“ ¢z p g [3 [N

3

Rl

Up,

R™
(b) A polyhedral control net and spline.

(a) Isogeometric maps

Figure 3: (a) Scalar-valued function uy, is defined on the same parameter domain mapped by x to span the physical domain .
(b) A polyhedral control net and polyhedral-net spline (green: regular bi-2 splines, red: degree bi-3 PnS) that parameterize Q.

For the Galerkin (weak) formulation of the elliptic PDEs, we use PnS test functions v; = ¢;. We
implemented the approach both in C++, and — by extending the change of basis approach of |9, 32] to
PnS — in a Python dolfinx framework. This allows us to use existing FEA software by expressing PnS
elements as constrained Lagrange elements native to the solver package dolfinx [5, 58, 57, 1], leveraging its
assembly and matrix functionality to solve the equations in terms of the PnS control points. By default, we
compute integrals by the tensored 5-point Gauss Quadrature Rule. Since the number of irregular patterns
does not increase under refinement, we do not focus on measuring 2-norm convergence. Convergence in £2
is anyhow dominated by the increasing regularity of the a refined mesh, see Fig. 6. To properly analyze
the error caused by the isolated irregular configurations, we therefore work with the more informative L
norm errors, displayed graphically, for a gallery of equations where the solution is known. This allows us to
assess both correctness and gauge the impact of patterns on the error.

4



121

122

123

124

125

126

127

128

129

130

131

132

133

134

135

136

137

138

4. Second-order elliptic equations

Denote by Ay the Laplace Beltrami operator, i.e. the Laplacian on the surface x, and by duq the partial
derivative of ug transversal to the boundary 0€2> Poisson’s equation seeks

Aqu = —f on Q S R37
ug = u, or dug = uj on Of).

ug:Q—)R:{ (2)

Here, ugp has to satisfy on each piece of the boundary either Dirichlet ug = u; or von Neumann dug = u{,
constraints. The weak Galerkin form of (2), pulled back by x~! to the domain OJ of ¢; and projected into
the space of polyhedral-net spline functions ¢; is

/Vuh Vi (x71) /fw Ydo, uy, —Zc] : (3)

For (3) to be valid, the test functions t; must vanish at the domain boundary 9. Eq. (3) is solved as a
matrix equation in terms of the coefficient vector c of uy:

Ke=f K= /w (x71) - Vb, (x)da, /fw ~Hda. (4)

Since each polyhedral-net spline ¢, can be expressed in piecewise bivariate Bernstein-Bézier form, the domain
of each ¢, consists of a collection of unit squares O := [0..1]%. That is, the pre-image of 2 consists of squares
that we enumerate with the label «. It is therefore good to re-express Eq. (4) by changing to variables on
[J. We denote the gradient and its determinant as

Osx Orx 2
Jo 1= Vsxoq = {Gsy Bty} € R3x J:=+/det(JEtJ,) €R.

Osz Orz

Then integration over the unit square domain, Eq. (4) becomes as in [44] for row ¢ and column j,

= AE(TE -1 ] o 4
Kij —;/D(qu]) (JiJa)"H(Veyy) 3d0,  f; ;/wal Jdd. (5)

The sum in (5) extends over all pieces o where ¢, and t; have support.

Dirichlet and von Neumann (gradient normal to the boundary) boundary conditions are enforced by the
values associated with the outermost two layers of the control net. Alternatively, von Neumann bound-
ary conditions are introduced by replacing the normal component of the gradient of the solution in the
formulation of the weak form with the von Neumann values.

(a) T1 subtractive (b) T1 additive (c) T2 subtractive (d) T2 additive

Figure 4: Error patterns in Poisson’s equation with solution u = —(z2 — 1)(22 — 1) when subtracting or adding partial mesh
lines to form T-junctions. Since u is bi-quadratic the error on the regular 10 x 10 grid (and most regular 4 x 4 regular sub-grids
in a,b,c,d) is 107 8.
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(a) u= (22 4+ 22)/2 (b)u=—(22 —1)(2% - 1) (c) u= (22 +22)/2 (d) u==z=z (e) u= 2222

Figure 5: Error distribution (1e™® of size for (a) and ~1le™3 otherwise) (top) and shape (bottom) when, except for (a),
introducing irregular configurations.

Our first set of tests, illustrated by Fig. 4 looks at Poisson’s Equation with homogeneous boundary
conditions on the unit square — but using control nets with artificially introduced irregular patterns. We
solve

Au=22%+222 -4, z,z¢€[-1,1]% (6)

which has the known solution u = — (22 — 1)(22 — 1). Here z, y and z are parametric PnS and we set
y = 0 to simulate bivariate functions. Fig. 4 shows the error distribution when computing u in PnS-form on
irregular meshes created by removing or adding partial mesh lines. The disappearance of the error in the
additive cases shows that the error is not due to the irregularity, but rather to the lower resolution when
removing part of a mesh line. Refining the mesh from which we remove a partial mesh line as in Fig. 4(a),
we determine £? error ratios 7, := e, /e,;1 where e, is the £2 error on the grid with spacing 27". We find
the error ratios to be in line with, and slightly faster than, predicted by the (bi-)quadratic reproduction of
PnS:
(r3,74,75,76) = (8.581346846, 11.60928394, 11.51746173,11.39926402).

The same information is displayed as log-scale L? errors in Fig. 6. The decay of the error in Fig. 6 is
representative for all other PnS configurations since the £2 error is dominated by the increasing regularity
of the refined mesh, i.e. meshes are minimally modified from the regular case. To allow comparison, these
initial measurements are not shown for free-form surfaces, but bivariate functions.

—e—Poisson

—e—Biharmonic

Log2 L2 Error

21

24

6 12 2 a8 %
Cells per Side

Figure 6: The log L? error for refined grids with a central T1 subtractive configuration. Poisson’s equation with solution
u= —(22 — 1)(2%2 — 1) decays ~ 2735, The equation with solution u = (z2 — 1)2(22 — 1)2 will be discussed in
Section 6.

Fig. 5 shows a gallery of solutions and their errors for Poisson problems with known solutions on meshes
with irregularities, and various Dirichlet and Neumann boundary conditions. Besides pure Dirichlet, we
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16 tested pure von Neumann conditions with one anchoring value fixed at a corner. Only Fig. 5a uses a regular
157 mesh and the exact solution u = (22 + 22)/2 for

Au= -2, (z,2)€[-1,1) (7)

s with suitable boundary conditions is reproduced to 1077.

Yyt=0 (b) t =0.25 )yt=0.5 (dyt=1 yt=2

0.00 5.0 50.0 75.0 100.
---- L

Figure 7: Heat progression from Dirichlet condition of 100 on left, von Neumann condition of 0 on the other sides.
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[T 1]

(a) across T1: added, subtracted (b) across T2: added, subtracted (¢) across EV (d) across polar

Figure 8: Heat progressing across a plane with irregular PnS configurations at ¢ = 0.25. Note in (c) the extraordinary vertex
(EV) valences are n = 5,8, and in (d) polar valence is n = 8.

o 4 ?/ﬁf

(a) valence 3,5 at turns (b)) t=0,n=0 (c) t =5, n =500 ) t =10, n = 1000 (e) t =50, n = 5000

0.00 25.0 50.0
L1 ] | |

75.0 100.

Figure 9: Heat progressing through a PnS tube of cube extrusions with EVs of valence 3 and 5 (see (a)) and polar end cap.
The Dirichlet value on the only boundary curve (at the front left in b,c,d,e) is 100.

159 5. Time dependent second-order elliptic equations
160 The heat equation
8119
ot

11 can be formulated as a time-stepping simulation: Given the final time ¢ the equation

= Axuq+ f, u(t=0)=ug (8)

(2M + %K) up = <2M - %K) uy 9)
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Figure 11: Evolution in time of the Allen-Cahn process on a regular grid initialized by uniform perturbation.

is solved in n steps. Here u,; is the solution at the previous time step, starting with the initial state, and

the entries of M are
MZJ = Za fD ¢Z¢]|Ja|d|:| ? ¢ Oﬁ . (10)
0 otherwise.

The function f enters the computation by setting the value of a collection of heat sources in u™ before
each time step. Boundary conditions are handled as for Poisson’s Equation.

5.1. Solving the Heat Equation on manifolds

We confirmed the correct solution of the heat equation (8) initially on the square plate —1 < x <1,—1 <
z < 1 with a Dirichlet heat source ug(—1,0,0) = 100 at the left boundary and perfect von Neumann heat
transfer along the other three edges: 0 = Ouq(1,0,0) = Ouq(0,0,—1) = Jun(0,0,1). We choose f = 0,
apply 50 iterations to final time ¢ = 1. The result matches linear dolfinx FEM using 81 vertices and 128
triangles. As before, z, y and z coordinates are parametric PnS surfaces, where we set y = 0 when working
with bivariate functions.

Fig. 7 demonstrates the progression of heat when increasing . Remarkably, see Fig. 8, we can substitute
grids with irregular PnS configurations and match the result.

Fig. 9 shows the progression of heat, from a Dirichlet boundary condition of u, = 100, through a tube.
Fig. 10 depicts a hammer with the contact face having nonzero initial conditions only but continuing heat
injection at the grip so that the contact face starts out warm and cools down over time, while the point on
the handle serves as a constant heat source.

Figure 12: Evolution in uniform time intervals of the Allen-Cahn process on a complex closed surface.



w  5.2. Allen-Cahn progression on manifolds

180 The Allen-Cahn second-order time-dependent partial differential equation can be written as [14, 3|:
% = e2Au— f'(u)

11 Fig. 11 shows the PnS solution for f/(u) = 1000(u — u?®) with random initial conditions. Allen-Cahn on
12 a more complex PnS with f/(u) = 10000(u — v®) is shown in Fig. 12. After initialization, for the rabbit
183 model with 720 PnS degrees of freedom, each iteration takes about 100 milliseconds on a 16 GB RAM Intel
s 17-8850H 2.60 GHz CPU.

15 6. Fourth-order elliptic problems

186 The biharmonic equation
A%q =—f inQ=x(0),
findg: Q= R:{Vg-n =u on 0f) ,
q = on 09},
w7 has the weak form with uj, 1= 3, ¢j¢,(x7)
[ deunlx A0 €)da = [ HOUx € (1)

18 For (11) to be valid, we must choose the test functions t); and their normal derivatives n- V¢, to vanish at
19 the domain boundary 92 so that

%(F) =0
¥ T@wda =~ [ V(du) - Vodo+ [ Tdneyiar (12)
Q Q
Vi, -nI)=0

— [ dwavida - [ Aw S
Q

Z/fl/)idﬂ-
Q

190 To change variables, we define I := J*J € R?*2, the first fundamental form of x. I, is invertible and
w1 symmetric. With J . € R'*2 the kth row of J, we abbreviate ji := Ji..I; ' € R'*2. Then for g € {1, ¢},

n
Hy(gi) == Bugi(x ") =D 3k giss 35 — 9is -3k (Gk X& 37)  €R. (13)
N Ny ~—
k=1 5% 2x1 2%2

12 Equation (11) for the ith test function is a row of the following matrix equation in terms of ¢;
K=t )= 3 [ (7x(s) vito) (14
(03

with ith row Y ¢;Ki; =,  Kj; = Z/ H,,(6;)Hy, ()] det J,| d .
- O
J «

13 This uses the linearity of H,(g;) := Augi(x~1) in g;.
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We confirm correctness of the implementation by solving the equation
A*u=f, f=24(z" + 2*) + 2882227 — 144(2® + 2%) + 80 (15)

with homogenous Dirichlet and von Neumann boundary constraints on the square {(z, z) : (z, z) € [-1,1] X
[—1,1]} and artificially introduce irregular patterns. The £? error ratios for refining the subtractive T1 grid,
i.e. the type shown in Fig. 13(b), are

(rs3,ra,r5,76) = (4.775677365,5.2313035, 4.790458795, 4.441263758).

(a) Regular (b) T1 subtractive (¢) T1 additive (d) T2 subtractive (e) T2 additive

Figure 13: Error in Biharmonic equation with solution u = (22 — 1)2(22 — 1)? when subtracting, or adding partial mesh lines
to form T-junctions. The maximum absolute error is 7% for the coarse ~ 12 x 12 control nets. The error of the regular grid is
~ 2%.

Fig. 14, shows PnS solving a bi-harmonic equation on the disk using using 1/3 as many G' PnS degrees
of freedom (left) as C° Lagrange elements (right), yet yielding 1/2 the error.

(a) PnS with 89 elements (b) PnS surface (c) Lagrange: 259 elements

Figure 14: Biharmonic equation with f = —2, u = (z* + y*)/6 — (22 + y2)/2. Error is in the range of 1073, with the maximal
error (right) twice as large as (left).

Next, we test the bi-harmonic equation (with known solution u = cos7x) for non-polynomial Dirichlet
and non-polynomial von Neumann boundary conditions:

f(x,2) = 7 cos(mx), wpq = cos(rx), (Vu)aq = <_7T 51(1)1(71'95)) z,z € [-1,1].
Specifying the non-polynomial boundary conditions as best-approximating splines results in, as hoped for,
an oscillating error Fig. 15a. The ‘bow-tie’ domain in Fig. 15c,d features two T1 configurations and the
known solution for u = sin(wx) cos(7z).

A common approach to solving fourth-order PDEs is to split the bi-harmonic operator and solve a system
of two coupled second-order equations. If the the boundary constraints are of Dirichlet type for each second
order equation, i.e. Dirichlet data and Laplace data are prescribed, this approach does not require C'' smooth
elements [26]. Also, if the constraints are Dirichlet and von Neumann, as above, the splitting approach is
correct for smooth boundaries or boundaries with concave corners. However, the splitting approach can
lead to incorrect output if one or more domain corners are concave, a.k.a. re-entrant. This is important,

10
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(a) u = sin(rwz), Q = [~1,1]? (b) error oscillating in the (c) u = sin(mwz) cos(mz) (d) error oscillating in the
range £1.5% range £5.5%

Figure 15: Approximating non-polynomial boundary conditions with low resolution polyhedral control net. The bow-tie (c,d)
features two central T1 configurations.

because, for example, dolfinx demonstration projects exclusively use the operator split form of the bi-
harmonic equation since the “weak form would result in the presence of second-order spatial derivatives, and
the problem could not be solved using a standard Lagrange finite element basis” [25].

(a) Exact solution (b) PnS solution

Figure 16: Solution to the bi-harmonic equation [26, Fig. 4.4] whose Laplacian has a singularity at the re-entrant corner. The
PnS control net consists of 344 vertices. The function range is [—1.6,0], and and the maximum error is 7.4 x 1075,

Besides proofs of the stated facts, [26] presents a concrete example where u € W% (Q) and Au ¢ W12(Q)
so that the unique minimizer of the fourth-order problem is not a stationary point of the decoupled system.
Therefore the split operator approach can fail to reach the correct solution. The example of [26, Fig 4]
is a bi-harmonic equation with clamped boundary conditions v = 0 and % = 0 on 0Y), where ) is the
"Pac-man" domain, a disk with one quadrant removed, see Fig. 16 and the known solution is

uw =M1 4 (AN =5)r° — (A —4)r5¥, (), on the "Pac-man" domain (16)
where A and W) are the eigenvalue and eigenfunction of the eigenvalue problem:

A2(rM1u(0) =0 forr>0and 0 <6 < w,
U(0) = 2w(@) =0 forde{0,w}

The PnS approach solves the equation with 344 elements for a maximal error of 7.4 x 107° for u € [—1.6,0].

7. Time-dependent fourth-order elliptic problems
The Cahn-Hilliard equation

du _ N\ A2 — 2(1 _ 2\2
at_A<du> AA“u, f:=100u"(1 — u)
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with homogeneous boundary conditions models the de-mixing of two liquids. The de-mixing has a rapid
initialization and then merges clusters with slower progression.  Fig. 17 illustrates the PnS solution to the

Figure 17: Evolution over time of the Cahn-Hilliard process with randomly perturbed perfect mix initial conditions on PnS
control net (a). Green indicates the even mixture and transition between the distinct red and blue liquid phases.

Cahn-Hilliard problem on a closed free-form PnS surface refined to 1410 vertices. Since an explicit solution
for such free-form geometry is not available, [28], we only confirmed visual similarity to the do1lfinx solution
based on splitting the operator [25]. To give an impression of the efficiency of the approach, we measured
on Ubuntu 24.04.2 with Python 3.12.3 code on an Intel i7-10700 2.9 GHz CPU with 32GB RAM. Since the
Cahn-Hilliard equation is non-linear, a main time factor is the number of Newton iterations required for
convergence to a tolerance that is deemed sufficient for the solution to be trustworthy. The ‘tee’ model of
Fig. 17 uses on average 4 Newton iterations and 0.3752 seconds per time step to reduce the L? norm of
residual to 5.42¢715 (average) and 7.28¢7 15 (max) for a total runtime of 1000 time steps of 153 seconds.
As a second instance, simulating 100 time steps on a model with 2'° quads and boundary constraints takes
about 2 minutes (ca. 1.186743 seconds per time step when each step uses an average of 5.12 Newton iterations
to obtain an average residual of 8.0e !¢ and a maximal residual of 1.03e1%.)

8. Conclusion

The broad range of PDEs on manifolds — second-order, second-order time dependent, fourth-order and
fourth-order time dependent — provides ample evidence of the feasibility of using geometrically smooth free-
form surface spline spaces as engineering analysis spaces without additional meshing. Specifically, by allowing
control net configurations for multi-sided configurations, or shedding/merging mesh lines, polyhedral-net
spline can not only model smooth geometric free-form shapes, but also a corresponding PnS space for
solving PDEs on these surfaces. Moreover the space is sufficiently smooth to solve hard problems with
re-entrant corners [26] that demand differentiability to avoid problems due to operator-splitting and C°
Lagrange elements. By switching to everywhere C? PnS, the isogeometric setup for irregular meshes can be
extended to sixth order equations, such as the problems in [41, Sect 4.2]. Volumetric fourth order problems
on regular partitions have been addressed, e.g. in [28], but C! splines over non-regular volume partitions
are, at present, only available via singular parameterization, e.g. [42, 4, 21, 51], with applications to second
order equations demonstrated in [12] and to fourth order equations in [66].
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