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Lower Bound Results

C2 subdivision requires polynomial 
pieces of degree 2*3



3

Total Degree 2 Splines     Jorg Peters

Rich space of quadratic C1 splines!

+ C1 with constant 2nd derivatives:
Powell-Sabin Splines, Zwart-Powell Splines

+ exact-parametrizable planar slices (conics)
       (no numerical ambiguity → occluding contours/silhouettes Capouellez Sig23)

–  shape deficient  (not quite rich enough)

Dierckx et al. (1992,7) Manni ,Sablonniere (2007), Speleers et al. (2006), Cohen et al. (2013); Windmolders and 
Dierckx (1999, 2000); Speleers et al. (2007, 2012, 2013); da Veiga et al. (2015), Lyche and Muntingh (2019)
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  C1 splines use quadrilateral configurations

+ C1 splines with constant 2nd derivatives
Powell-Sabin Splines, Zwart-Powell Splines
 Dierckx et al. (1992,7) Manni ,Sablonniere (2007), Speleers et al. (2006), Cohen et al. (2013); Windmolders and 
Dierckx (1999, 2000); Speleers et al. (2007, 2012, 2013); da Veiga et al. (2015), Lyche and Muntingh (2019)
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bi-linear
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Stiff, 
planar

Bend, 
bilinear
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Can total degree 2 splines model free-form surfaces?

1. Can Powell-Sabin (PS) or Zwart-Powell (ZP) constructions model smooth 
general free-form surfaces?

2. Can total degree 2 pieces (quadratics) model smooth general free-form 
surfaces? If so, how? (local?)

Assumptions: degree 2 splines 
- flat, straight edge, domain triangles           → R^3
- G1 (C1) joined:
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Can total degree 2 splines model free-form surfaces?

➢  A symmetric counterexample to free-form Powell-Sabin 
constructions

➢ Shape constraints for piecewise quadratic G1 surfaces of 
genus other than 1

➢ Special quadratic surface constructions
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 A symmetric counterexample to free-form Powell-Sabin constructions

     1             1                     1       →  degree(b)=0  for PS spline 
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 A symmetric counterexample to free-form Powell-Sabin constructions

Express derivatives as differences
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 A symmetric counterexample to free-form Powell-Sabin constructions

Compute geometric relations:
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 A symmetric counterexample to free-form Powell-Sabin constructions
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Can total degree 2 splines model free-form surfaces?

➢ A symmetric counterexample to free-form Powell-Sabin 
constructions

➢ Shape constraints for piecewise quadratic G1 surfaces of 
genus other than 1

➢ Special quadratic surface constructions
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                             G1 splines 
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Shape constraints for piecewise quadratic G1 surfaces of genus other than 1

→ 
Sum of vertex angles = 2 pi

→ Polygon (fundamental domain) is  
rectangle

→ genus 1

All G1 constraints are affine
=  all                 are constant        

vertex  x 8
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Shape constraints for piecewise quadratic G1 surfaces of genus other than 1

choose

→ Xianfeng David Gu
Christoffel symbols

→ K=0 in Gauss Bonnet 

   → 0 = 2-2g    
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Shape constraints for piecewise quadratic G1 surfaces of genus other than 1
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Shape constraints for piecewise quadratic G1 surfaces of genus other than 1

Coefficient 1,2 of det polynomial of degree 3 set to zero

→ flat
→ flat or oscillating 2n times
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Can total degree 2 splines model free-form surfaces?

➢  A symmetric counterexample to free-form Powell-Sabin 
constructions ✔

➢ Shape constraints for piecewise quadratic G1 surfaces of 
genus other than 1✔

➢ Special quadratic surface constructions
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Special quadratic surface constructions

● Constructions restricted to domains of genus 1☹
● Constructions leaving out cut points ☹
● Constructions using non-standard domains 😐
● Constructions as level sets of trivariate quadratics 😐
● Constructions with a singular parameterization (are flat) ☹
● Constructions using infinitely many pieces (simplest subdivision) 😐
● Constructions with additional degree 3 pieces ☹
● Constructions enforcing flat regions  😐
● Constructions enforcing saddles of high order (too many) ☹
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Special quadratic surface constructions

Constructions enforcing flat regions



23

Total Degree 2 Splines     Jorg Peters

Conclusion

● No piecewise quadratic G1 surfaces of genus ≠ 1 
● except for the intentional introduction of flat spots  


